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Modular categories Higher Gauss sums Arithmetic properties Witt invariance

Fusion categories
Fusion category over C (generalization of Rep(G), Rep(H)):

I C-linear abelian: Hom spaces are finite-dimensional
C-vector spaces

I Monoidal: ⊗, αU,V,W : (U ⊗ V)⊗W
∼=−→ U ⊗ (V ⊗W)

(Pentagon axiom), 1
I Duality: (V∨,1→ V ⊗ V∨,V∨ ⊗ V → 1)

I Semisimple, Irr(C) finite. C(X,Y) = δX,YC for X,Y ∈ Irr(C).
1 ∈ Irr(C).

I Fusion rule
X ⊗ Y =

⊕
Z∈Irr(C)

NZ
XYZ.

K0(C) := spanC{Irr(C)} is the Grothendieck ring with
multiplication given by ⊗.
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Modular categories Higher Gauss sums Arithmetic properties Witt invariance

Graphical calculus on morphisms:

Rigidity of the duality: (V∨,1→ V ⊗ V∨,V∨ ⊗ V → 1).

(idV ⊗ evV) ◦ αV,V∨,V ◦ (coevV ⊗ idV) = idV

3/18
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Modular categories Higher Gauss sums Arithmetic properties Witt invariance

Spherical structure

A pivotal structure on C is an isomorphism of monoidal functors
j : idC → (−)∨∨.

Two ways to define pivotal dimensions (taking values in
C(1,1) = C)

A pivotal structure j of C is called spherical if dL(V) = dR(V) for
all V ∈ C.
C spherical fusion⇒ categorical dimension dim(V) := dL(V).
Global dimension: dim(C) =

∑
V∈Irr(C) dim(V)2.

TrC(f ) ∈ C(1,1) for f ∈ C(V,V): insert f in suitable position.

4/18
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Braided spherical category

Braiding:

cVW : V ⊗W
∼=−→W ⊗ V

.

Hexagon axioms.

Twist:

θ(V) : V
∼=−→ V . θ(V) = θV idV ,∀V ∈ Irr(C).

(Vafa) For all V ∈ Irr(C), θV is a root of unity.
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Modular category
Definition
A braided spherical fusion category is called modular if its S-matrix

SV,W = TrC(cW,V∨ ◦ cV∨,W), V,W ∈ Irr(C)

is invertible.

Pictorially (omitting j):

In particular, S1,V = dim(V), and SV,W = SW,V .
Source of examples: finite quadratic modules C(G, q),
Z(Rep(G)), quantum groups C(g, k) at roots of unity, VOA,
subfactor, ...
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Modular categories Higher Gauss sums Arithmetic properties Witt invariance

TV,W := θVδV,W , V,W ∈ Irr(C). In particular, ord(T) <∞. S-
and T-matrices are called the modular data of C.

Modular category⇒ ρ : SL(2,Z)→ PGL(K0)(
0 −1
1 0

)
7→ S,

(
1 1
0 1

)
7→ T.

I Congruence subgroup property.
I SL(2,Z) ∼= MCG(Σ1,0).
I K0 ∼=

⊕
V∈Irr(C) C(V,V) ∼=

⊕
V∈Irr(C) C(1,V ⊗ V∨).

I Representations of MCG(Σg,n) can be defined on⊕
a1,...,an,b1,...,bg∈Irr(C)

C(a1 ⊗ · · · an, b1 ⊗ b∨1 ⊗ · · · ⊗ bg ⊗ b∨g )

.
I They are provided by a (2+1)-TQFT associated to C.
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Example
Modular category C(G, q) arising from a finite quadratic
module (G, q).

I Irr(C(G, q)) = G.
I Tensor product given by group multiplication, α, c, θ are

determined by q (Eilenberg-MacLane). Canonical spherical
structure such that dim(g) = 1 for all g ∈ G.

I Sg,h =
q(gh)

q(g)q(h) , and θg = q(g).
I Associated projective representation is identical to the Weil

representation for (G, q).
Quadratic Gauss sum of (G, q): τ =

∑
g∈G q(g). If |G| is odd,

τ

τ̄
=

(
−1
|G|

)
∈ {±1}
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Higher Gauss sums and higher central charges

Definition
Let C be a modular category and n ∈ Z. The nth Gauss sum of C is
defined as

τn(C) :=
∑

V∈Irr(C)

θn
V dim(V)2.

If τn(C) 6= 0, we respectively define the nth anomaly and the nth

(multiplicative) central charge of C as

αn(C) :=
τn(C)
τ−n(C)

and ξn(C) :=
τn(C)
|τn(C)|

.

Generalizations of the quadratic Gauss sum and the Jacobi
symbol.
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Example
Consider (Z/pZ, qa) such that qa(1) = e2πia/p for p - a. For
Ca := C(Z/pZ, qa),

τ1(Ca) =

(
a
p

)√(
−1
p

)
p ξ1(Ca) =

(
a
p

)√(
−1
p

)
are the classical quadratic Gauss sum and the Legendre
symbol. For n - p,

τn(Ca) =

(
an
p

)√(
−1
p

)
p, ξn(Ca) =

(
an
p

)√(
−1
p

)
.

τ1(Can) = τn(Ca), and ξ1(Can) = ξn(Ca). Moreover, they are Galois
conjugates to each other.
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Properties of τ±1
I τ1τ−1 = |τ1|2 = dim(C).
I ξ1 is a root of unity.
I (Müger) ξ1(Z(D)) = 1 for spherical fusion category D.

When is τn(C) 6= 0? Do they still hold for τn and ξn (when
well-defined)?

Example. Consider C(Z/2Z, q) where q(1) = 1, q(−1) = i.
τ2(C(Z/2Z, q)) = 0.
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Higher Gauss sums
Example. The modular data of the modular categories C(g, k)
can be extracted from the Kac-Peterson formula. For C(g2, 3),
one computes

ξ3(C) =
1

2
√

2
(
√

7 + i),

which has minimal polynomial 2x4 − 3x2 + 2 and thus is not a
root of unity.

Example. (Shimizu) There exists a 27-dimensional Hopf
algebra H associated to a primitive 3rd root of unity ζ3. Let
C = Z(Rep(H)), we have

α3(C) =
5 + 4ζ2

3
5 + 4ζ3

is 7x2 + 2x + 7, α3 and ξ3 are not roots of unity. Note that
dim(C) is a power of 3.
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Arithmetic properties

Let C be modular, s = S/
√

dim(C). For any cube root γ of ξ1, let
t = γ−1T.
For any Y ∈ Irr(C), χY : K0 → C, χY(X) =

sX,Y
s1,Y is a character

(C-algebra homomorphism) of K0.
S-matrix is invertible⇒ every character is given by some χY.
For all σ ∈ Gal(Q/Q), σ ◦ χY is another character. Therefore, σ
induces a permutation σ̂ : Irr(C)→ Irr(C) such that

σ

(
sX,Y
s1,Y

)
= σ(χY(X)) = χσ̂(Y)(X) =

sX,σ̂(Y)

s1,σ̂(Y)

and
σ2(tX) = tσ̂(X).

13/18
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Arithmetic properties

Theorem (Ng-Schopieray-W.)
Let C be a modular category, N = ord(TC), and n ∈ Z relatively
prime to N. Then, for a ∈ Z,

τan(C) = σ(τa(C))
dim(C)

σ(dim(C))
θan
σ̂(1) and (1)

where ñ is the multiplicative inverse of n modulo N, and σ is any
automorphism of Q such that σ(ζN) = ζ ñ

N . In particular, τn(C) 6= 0
and ξn(C) is well-defined.
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An algebraic integer a ∈ C is called a d-number if the principal
ideal (a) in the ring of integers of Q̄ is fixed by Gal(Q̄/Q). For
example,

√
5 is a d-number.

Corollary
With the same notations as above, we have
(a) the nth anomaly of C is given by

αn(C) = σ(α1(C)) · θ2n
σ̂(1) . (2)

In particular, αn(C) and ξn(C) are both roots of unity.
(b) The nth Gauss sum of C is a d-number.

Example. τ1(C(Z/5Z, q1)) =
4∑

j=0
e2πij2/5 =

√
5.
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Witt invariance

Two modular categories C and D are Witt equivalent if there
exist a fusion category A such that C ⊗ Drev ∼= Z(A) as braided
fusion categories.
Generalization of the classical Witt groupWpt of quadratic
modules.

Theorem (Ng-Schopieray-W.)
Let C and D be Witt equivalent psuedounitary modular categories.
For n ∈ Z coprime to ord(TC) ord(TD), we have

ξn(C) = ξn(D).
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Witt invariance

Example. Let C = C(Z/4Z, q) and D = C(Z/4Z, q)� C(Z/2Z, q′)
where q(1) = ζ8, q′(1) = −i. Let Ea,b = C�a �D�b, then

ξ1(Ea,b) = ζa
8, ξ3(Ea,b) = (−1)bζ3a

8 .

The subgroup ofWpt(2) of 2-groups generated by [C] and [D]
gives 16 pairs of higher central charges (ξ1, ξ3).
SinceWpt(2) is of order 16, [C] and [D] are generators ofWpt(2).
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Thank You!
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